Hyperplane arrangements
Let A = {H 1 , . . . , H n } be a set of hyperplanes in C (passing through 0).
• Intersection lattice: -not always combinatorially determined, though its LCS ranks are (since M formal).
Lower central series
Let G be a finitely-generated group. Set:
• LCS series:
• LCS quotients:
• LCS ranks: φ k (G) = rank(gr k G)
• Chen ranks:
Define associated graded Lie algebra:
Problem. Find an explicit combinatorial formula for the LCS ranks φ k (G) of an arrangement group G (at least for certain classes of arrangements).
Known LCS formulas
• Witt formula A = {n points in C}, M (A) n S 1 G = F n (free group of rank n)
gr G = L n (free Lie algebra of rank n)
• Kohno formula [1985] A = {z i − z j = 0} 1≤i<j≤ braid arrangement in C G = P (pure braid group on strings)
• Falk-Randell LCS formula [1985] A fiber-type 
where, for all A:
• Shelton-Yuzvinsky [1997] , Papadima-Yuz [99] A Koszul algebra =⇒ LCS formula holds
Remark. (Peeva) There are arrangements for which
for any graded commutative algebra N .
LCS and free resolutions
(joint work with Hal Schenck)
We want to reduce the problem of computing φ k (G) to that of computing the graded Betti numbers of certain free resolutions involving the OS-algebra A = E/I.
Starting point:
Betti number (in degree j) of a minimal free resolution of Q over A: 
This (known) formula follows from:
• Sullivan Since M formal:
Holonomy Lie algebra of H * = H * (M, Q)
• Poincaré-Birkhoff-Witt:
• Shelton-Yuzvinsky:
Linear strand in Yoneda Ext-algebra
Here A = E/ I 2 is the quadratic closure of A, and A ! is its Koszul dual.
Koszul algebras
A * connected, graded, graded-commutative Q-algebra.
Definition.
A is a Koszul algebra if
i.e., Betti diagram = linear strand.
Sufficient: I has quadratic Gröbner basis.
Koszul duality:
Hilb(A ! , t) · Hilb(A, −t) = 1 ( LCS formula of Shelton-Yuzvinsky.) Arrangement interpretation (Shelton-Yuz.) A fiber-type B P H * (M (A), Q) Koszul ?? i q Topological interpretation (Pap-Yuz.) X finite-type CW, X Q Bousfield-Kan rationalization. H * (X, Q) Koszul B P X Q aspherical if X formal j r
Resolution of OS-algebra
Problem. (Eisenbud-Popescu-Yuzvinsky [1999] ) Compute the (minimal) free resolution of A over E,
and its Betti numbers,
Let a j = {minimal generators of I in degree j}.
Lemma.
Thus, Betti diagram looks like:
Change of rings spectral sequence
Key tool (Cartan-Eilenberg):
The (Koszul) resolution of Q as a module over E is linear, with dim Tor
Thus, if we know Tor
We carry out part of this program-mostly in low degrees. As a result, we express φ k , k ≤ 4, solely in terms of the resolution of A over E.
Theorem. For an arrangement of n hyperplanes:
where 
Decomposable arrangements
Let A be an arrangement of n hyperplanes.
Recall:
Falk [1989] :
Definition. If the lower bound is attained for k = 3, A is decomposable (or, minimal linear strand ).
Conjecture (MLS LCS).
If A is decomposable, equality holds in (*), and so
Minimal free resolution of A over E:
More generally, if A decomposable, we compute the entire linear strand of the resolution of A over E.
If moreover rank A = 3, we compute all b ij from Möbius function.
Lemma. For any arrangement A:
If A is decomposable, then equalities hold. We find:
Corollary. The MLS LCS conjecture is true for k = 4:
Conjecture says:
Graphic arrangements
κ s (G) = {complete subgraphs on s + 1 vertices} Graphic arrangement (in C κ 0 ) associated to G:
Together with a previous lemma (a j = b 2j ), we get: Free resolution of A over E: 
Proposition. For a graphic arrangement:
Corollary.
Moreover, if κ 3 = 0, equality holds for φ 4 .
Conjecture (Graphic LCS).
or:
Chen Ranks & Linear Strand of OS-Resolution
θ k (G) = b k−1,k for k ≥ 2.
Resonance Formula for Chen Ranks
θ k (G) = r≥2 h r θ k (F r ) for k ≥ 4.
Resonance LCS Formula
If φ 4 = θ 4 ←→ δ 4 = a 2 2 , then: Question. When does a homological rescaling pass to a homotopical rescaling?
Examples of rescalings (over R = Z)
: join of K with k copies of Hopf n (in sense of Koschorke-Rolfsen [1989] )
Rational rescalings
Given X and k, there is a k-rescaling Y over Q.
Take Y to be the realization of the Sullivan minimal model for dga
By construction, this rescaling is formal.
In general, k-rescaling is not unique. Eg:
Nevertheless, k-rescaling is unique /Q, for k large:
If rescaling Y is unique, it must be formal.
Simple examples.
•
X and Y formal, rescaling unique /Q, for all k
X may not be formal, but Y is formal (since dim X = 2), so rescaling unique /Q, for all k.
Rescaling Lie algebras
Lie algebras with grading
Lie identities satisfied exactly. E.g.: 
The Rescaling Formula
Theorem A. Let Y be a k-rescaling of X. If H * (X, Q) is a Koszul algebra, then:
as graded Lie algebras.
Y is a coformal space (i.e., its Q-homotopy type is determined by its homotopy Lie algebra).

The Homotopy LCS Formula
Set Φ r := rank π r (ΩY ) = rank π r+1 (Y ).
Hence:
and so
In fact, by Milnor-Moore:
(as Hopf algebras)
Rescaling arrangements
).
Recall: both X, Y formal; Y rescaling of X.
A fiber-type
A braid arr.
Fadell-Husseini
Cohen-Gitler
Fiber-type arrangements
Classical LCS formula:
Homotopy LCS formula:
Poincaré series of loop space:
Generic arrangements
If A generic (and non-boolean), then:
Failure of (b) and (c) is detected by higher-order Whitehead products.
Then: , ΩY ] ∼ = π 1 X ⊗ Q ( ‡)
• Key ingredient in proof: A result of H. Baues [1981] .
• Passing to associated graded Lie algebras: Mal'cev Formula ( ‡) Rescaling Formula ( †).
• ( ‡) holds for Koszul arrangements.
: recovers a result from T. Sato's thesis [2000] .
• For A = braid arr., X = M (A), Y = M (A 
Rescaling links
n β, with β ∈ (P n−1 ) r−1 \ (P n−1 ) r , r ≥ 3 K 0 and K have:
• G = K n , lk ij = 1. Thus, H * (X 0 , Z) ∼ = H * (X, Z).
• Same Milnor µ-invariants.
• Same Vassiliev invariants, up to order r − 2.
• gr * (π 1 X 0 ) ∼ = gr * (π 1 X).
But X 0 formal, X not formal. So:
• Rescaling Formula holds for both K 0 and K.
• Mal'cev Formula holds for K 0 , fails for K.
